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A ring R i1s a nonempty set R together with two binary operations
(usually written as addition and multiplication) that satisfy the
following axioms. Suppose that a, b,c € R.

® a+ be R. (R is closed under addition.)
® a+ (b+c)=(a+ b)+ c. (Associativity of addition)
® a+ b= b+ a. (Commutativity of addition)

® Thereis an element Og € Rsuchthat a+0=0+ a = a.
(Additive Identity or Zero element).

® For each a € R, the equation a + x = Or has a solution in R,
usually denoted —a. (Additive Inverses)

® ab € R. (R is closed under multiplication)
@ a(bc) = (ab)c. (Associativity of multiplication)

® a(b+c)=ab+ ac and (a+ b)c = ac + bc. (Distributive
laws)




DEFINITION

A commutative ring R is a ring which also satisfies
® ab = ba, for all a,b € R. (Commutativity of multiplication)

y

DEFINITION

A ring with identity is a ring R that contains an element 1g
satisfying the following.

@ lga = alg = a, for all a € R. (Multiplicative ldentity)

©® 7 with the usual definition of addition and multiplication is a
commutative ring with identity.

® 7, with addition and multiplication as defined in chapter 2 is
a commutative ring with identity.

® The set E of even integers is a commutative ring (without
identity).

O The set O of odd integers is not a ring.
® Theset T = {r,s,t,z} is a ring under the addition and

multiplication defined below.
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EXAMPLE

® The set M>(IR) of 2 x 2 matrices with real entries is a
(noncommutative) ring with identity.

@ Similarly, the sets M»(Z), M2(Z,), M2(Q), M>(C) are
(noncommutative) rings with identity.

® C(R)={f:R— R | fis continuous} is a ring under the
operations fg(x) = f(x)g(x) and (f + g)(x) = f(x) + g(x).
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DEFINITION

An integral domain is a commutative ring R with identity 1g # Og
that satisfies the following.

® Whenever a,b € R and ab=0, either a=0or b = 0.

EXAMPLE

® Z is an integral domain.

® If pis prime, then Z, is an integral domain.
® Q is an integral domain.

O Ze is NOT and integral domain.




A field is a commutative ring R with identity 1z # Og. that
satisfies the following condition.

® For each O # a € R, the equation ax = 1 has a solution in
R.

O Q is a field.

® R is a field
® C is a field.
® If p is prime then Z, is a field.




